The effect of vacuum birefringence is one of the first predictions of quantum electrodynamics (QED): the presence of a charged Dirac field makes the vacuum birefringent when threaded by magnetic fields. This effect, extremely weak for terrestrial magnetic fields, becomes important for highly magnetized astrophysical objects, such as accreting black holes. In the X-ray regime, the polarization of photons traveling in the magnetosphere of a black hole is not frozen at emission but is changed by the local magnetic field. We show that, for photons traveling along the plane of the disk, where the field is expected to be partially organized, this results in a depolarization of the X-ray radiation. Because the amount of depolarization depends on the strength of the magnetic field, this effect can provide a way to probe the magnetic field in black-hole accretion disks and to study the role of magnetic fields in astrophysical accretion in general.
Introduction
In the theory of accretion disks around black holes and astrophysical accretion in general, magnetic fields play a crucial role. They are expected to be the main source of shear stresses, without which accretion cannot occur [1, 2] . Moreover, magnetic fields in the inner regions of black-hole accretion disks are thought to lead to the formation of relativistic jets through the Penrose-Blandford-Znajek mechanism [3, 4] . However, information on the strength and structure of magnetic fields around black holes is hard to obtain by direct observations. From the analysis of the spectra of two Galactic stellar-mass black holes, Miller et al. [5] [6] [7] showed that a wind is generated by magnetic processes as close as 850 GM/c 2 to the hole. They also obtained an estimate of the strength of the magnetic field when a certain magnetic process is assumed [7] . The only indication that we have on the magnetic field structure closer to the central engine comes from interferometry observations of the radio polarization from Sagittarius A*, the supermassive black hole at the center of the Milky Way, which shows evidence for a partially ordered magnetic field on scales of 12 GM/c 2 [8] . In this paper, we describe how X-ray polarization measurements from black-hole accretion disks could provide a way to probe, for the first time, the strength and structure of the magnetic field close to the event horizon.
If only classical electrodynamics is considered, at energies higher than 1-2 keV, the polarization of a photon emitted by the accretion disk is not affected by the presence of a magnetic field. The linear polarization of X-ray photons stays the same as they travel through the magnetosphere of the hole all the way to the observer. At lower photon energies, the presence of a magnetized corona could destroy the linear polarization of X-ray photons due to the effect of plasma birefringence [9] [10] [11] . In quantum electrodynamics (QED), the vacuum is also expected to be birefringent in presence of a magnetic field. This effect, which was one of the first predictions of QED, has never been proven. Recent observations of the visible polarization from a radio-quiet neutron star [12] have strongly hinted that vacuum birefringence is indeed affecting the photons' polarization. If the vacuum is indeed birefringent, after photons are emitted from the disk, their polarization will change as they travel through the magnetized vacuum.
In classical electrodynamics, photons do not interact with other electromagnetic fields as Maxwell equations are linear in the fields. In QED, the presence of a Dirac current in the vacuum results in an addition to the usual action integral of the electromagnetic field that is more than quadratic in the fields. This implies that the interaction between the fields is not linear as photons can interact with virtual electron-positron pairs as they travel through the magnetized vacuum. As a result, the speed at which light travels through the vacuum depends on its polarization and on the strength of the field. In other words, in presence of a magnetic field the vacuum becomes birefringent, i.e., it acquires an index of refraction that is different depending on the angle between the direction of the photon's polarization and the magnetic field. A detailed derivation of the vacuum birefringence in QED is described by Heyl and Caiazzo, in this volume.
In this paper, we assume the strength of the magnetic field in the accretion disk to be the minimum needed for accretion to occur if an α-model structure of the disk is considered. We find that the effect of vacuum birefringence on the photon polarization becomes important, depending on the angular momentum of the black hole and that of the photon, around 10 keV, for both stellar-mass and supermassive black holes. A stronger (weaker) field would shift this range to lower (higher) energies. Observation of the X-ray polarization from accretion disks in the 1-30 keV range, if properly modeled with QED, would both probe the strength of the magnetic field and test the currently accepted models of astrophysical accretion. Several observatories with an X-ray polarimeter on board are now at different stages of development: in the 1-10 keV range, the NASA SMEX mission IXPE [13] and the Chinese-European eXTP [14] ; in the hard-X-ray range, 15-150 keV, the balloon-borne X-Calibur [15] and PoGO+ [16] and Friis et al., in this volume; and, in the sub-keV range, the narrow band (250 eV) LAMP [17] and the broad band (0.2-0.8 keV) rocket-based REDSox [18] .
In Section 2, we introduce our model and our assumptions and, in Section 3, we show the energy at which QED becomes important given our assumptions as a function of the black hole spin and we show the effect of vacuum birefringence on the polarization of X-ray photons traveling near the disk plane, where we assume the magnetic field to be partially organized. For a more detailed derivation of our equations, please see [11] .
Model
Our calculations are performed in the Kerr metric surrounding a spinning black hole, with spin parameter a = J/(cM), ranging from a = 0 (Schwarzschild black hole) to a = GM/c 2 (critical spin). To calculate the strength of the magnetic field in the mid-plane of the disk, we have to model the structure of the inner disk. In particular, we have to make an assumption on what is generating the shear stresses needed for accretion to occur. We follow the α-model, suggested first by Shakura and Sunyaev [1] , for which tangential stresses between layers are generated by magnetic field and turbulence:
where ρ is the mass density, c s is the speed of sound, v t is the turbulence velocity, B is the magnetic field strength, P is pressure and tφr is the shear stress as measured in a frame of reference moving with the gas. The last equality is called the α-prescription, in which the efficiency of the angular momentum transfer is expressed with one parameter. Because the magnetic field is at the origin of the turbulence, we expect the two terms in Equation (1) to be of the same order, so we estimate the magnetic field strength to be ∼ (4παP) 1/2 . To calculate the pressure in the mid-plane, we employ the disk structure equations in Novikov and Thorne [19] , with the correction to the hydrostatic equilibrium obtained by Riffert and Herold [20] . The general relativistic equations in the two papers are written as Newtonian values times relativistic corrections, the latter expressed by functions that are equal to one in the Newtonian limit. In this paper, we use the following relativistic corrections:
where a = ac 2 /GM, M is the mass of the black hole, r = rc 2 /GM and r is the distance from the black hole (more precisely, the circumferential radius). The first four come from [19] and the last one, N , corresponds to the quantity called C in [20] . We also assume the pressure to be dominated by radiation and the opacity to be dominated by electron scattering. This assumption applies to the inner region of the accretion disk, which is also where the magnetic field is stronger. Outer regions of the disk will have no influence on our calculations as the magnetic field there is weak. We find the square of the strength of the magnetic field in the mid-plane to be:
where κ es is the electron scattering opacity. For a 10 M black hole, at the innermost stable circular orbit of the disk (ISCO, or r I ), this corresponds to
where the first value is for a = 0 and the second is for a = 0.999 (the value diverges for a = 1) and X is the hydrogen mass fraction. This value is a crude estimate of the minimum magnetic field needed in the mid-plane for accretion to occur if an α-model is assumed. Magnetohydrodynamics and shear box simulations show that the strength of the magnetic field decreases moving away from the mid-plane toward the photosphere. However, Equation (3) reproduces both the strength and the scaling with distance of the magnetic field at the photosphere obtained by simulations [21, 22] , and of the minimum estimates obtained by Miller et al. [7] . We decided therefore to use the analytic expression in Equation (3) as our best guess for the strength of the magnetic field at the photosphere.
To describe the evolution of the polarization of a single photon, we used the Poincaré formalism, in which the polarization is described by a unit vector s = (Q, U, V)/I, where I, Q, U and V are the Stokes parameters, and the polarization states for fully polarized light are mapped on the surface of a unit sphere. Following Kubo and Nagata [23, 24] , the polarization of a wave in a birefringent medium evolves as:
whereΩ is the birefringent vector,T is the dichroic vector and x 3 is the length of the photon path. In the case of the QED vacuum with an external magnetic field to one-loop order and a weak electric field, T = 0 (there is no real pair production) and the amplitude of the birefringent vectorΩ is proportional to the difference between the indices of refraction for the two polarization states: the one parallel to the magnetic field (n ) and the one perpendicular (n ⊥ ). Equations (53) and (54) of Heyl and Caiazzo, this volume, yield for B B QED :
where k 0 = 2πν/c is the unperturbed wavenumber of the photon, θ is the angle between the direction of the motion of the photon and the external field, α QED is the fine structure constant and B QED = m 2 e c 3 /(he) 4.4 × 10 13 G. From Equations (3) and (6), we can find the magnitude of the birefringent vector as function of the distance from the hole along the plane of the disk. After assuming a structure for the magnetic field, we can integrate Equation (5) to find how the polarizations of photons traveling in the magnetosphere close to the disk plane evolve.
Results

Polarization-Limiting Radius
Before calculating the evolution of the photon polarization for a defined structure of the magnetic field, it is interesting to look at the quantity called the polarization-limiting radius (PLR). The PLR provides an estimate for the distance from the black hole at which the vacuum birefringence stops affecting the photon polarization because the magnetic field has become too weak. From Equations (3) and (6) and Equation (56) of Heyl and Caiazzo, this volume, we find the PLR for a black hole to be:
where m p is the mass of the proton and m e is the mass of the electron. From Equation (7), we can derive the energy at which the PLR is equal to the ISCO. Figure 1 shows the ISCO as a function of the black hole spin (black dashed line, right y-axis) and the photon energy at which the PLR is equal to the ISCO (solid red line, left y-axis). Figure 1 provides a rough estimate of the photon energy at which QED becomes important: if our estimate of the magnetic field strength is correct, for rapidly spinning black holes, the effect of QED will be important around a photon energy of 10 keV or lower, while for slowly spinning black holes, QED will affect the polarization only above 10-20 keV. However, if the magnetic field is stronger (weaker) the energy threshold will be lower (higher). This result does not depend on the mass of the black hole, so it holds for both stellar-mass and supermassive black holes. The PLR estimate does not take into account light bending: if a photon is emitted with large retrograde angular momentum, its path through the magnetosphere will be longer, so retrograde photons at lower energies can also be affected, as we find in the next section.
Edge-on Photons
To better understand how vacuum birefringence affects the polarization of photons traveling through the black hole magnetosphere, we assume a simple structure for the magnetic field threading the accretion disk, and we study how the polarization changes for photons traveling parallel to the disk plane. Recent observations of the radio polarization coming from the region close to the event horizon of Sagittarius A* suggest the presence of a partially organized field [8] . It is reasonable to assume the magnetic field to be organized on some length-scale that reflects the competition between the magnetic field itself, which would tend to be organized, and the shear of the disk, which prevents big structures from forming. We therefore assume the disk to be divided into regions of constant magnetic-field direction, which is also the structure often assumed for the magnetic field in the plane of the disk by magnetohydrodynamics simulations [25] . We pick two different length-scales to test how our assumption on the size of the magnetic loops affects our results. Since we expect the length scale to be related to both the distance to the hole and to the size of the hole itself, we first divide the disk into five regions, each twice as large as the previous one: from the ISCO to twice the ISCO, to 4 times the ISCO, to 8 times the ISCO, to 16 times the ISCO, and to infinity. For simplicity, we call this configuration the 2-fold configuration. In the second configuration, the regions of constant magnetic-field direction are each 1.5 times as large as the previous one: from the ISCO to 1.5 times the ISCO, to 2.3 times the ISCO, to 5.1 times the ISCO, to 7.6 times the ISCO, to 11 times the ISCO, to 17 times the ISCO, and to infinity. For simplicity, we call this configuration the 1.5-fold configuration. We analyze the evolution of the polarization of single photons as they travel along geodesics through the magnetosphere. On the Poincaré sphere, their polarization will perform a random walk, where in each region the direction of the step is given by Equation (5) and the rotation angle aroundΩ is given by
where E is the energy of the photon at infinity, l is the dimensionless specific angular momentum of the photon (l = L/E × c 2 /(GM)) and K = m p /[15πm 2 e c 2 (1 + X)]. Since we are considering photons traveling close to the equatorial plane, general relativity does not affect their polarization's direction.
We perform a Monte-Carlo simulation for 6000 photons, calculating the evolution of their polarization from the ISCO to infinity. Each of the 6000 photons is emitted with the same specific angular momentum l and the same energy at infinity E from the ISCO of a black hole with spin parameter a . We take the angle between the magnetic field and the photon, θ, and the angle between s andΩ to be constant in every region, and we take their values as random in each run. We then take the average of the linear polarization over the 6000 photons. We repeat the same calculation for photons with different specific angular momenta: zero angular momentum photons (l = 0), photons initially rotating with the disk at 90% the maximum prograde angular momentum (l = 0.9 l + ) and photons initially rotating against the disk at 90% the maximum retrograde angular momentum (l = 0.9 l − ). We also employ different photon energies between 1 and 80 keV and for four different spins of the hole: a = 0.5, 0.7, 0.9 and 0.99. The results are shown in Figure 2 . In Figure 2 , the dashed lines show the results for the 1.5-fold configuration and the solid lines show the results for the 2-fold configuration. We find that, if magnetic loops are smaller, the depolarization effect is reduced linearly with the size of the loops: in our example, the dashed lines fall on top of the solid lines if we rescale them by 2/1.5. However, the solid lines show peaks that are not present in the dashed lines. For example, for a hole rotating with spin a = 0.99 in the 2-fold configuration (purple solid line, right panel) the polarization fraction peaks at 7 keV and then again at 14 keV, at 21 keV and so on. These peaks are due to the fact that at those energies the integral in Equation (8) reaches, in the first zone of the disk, an average value of π, and therefore, the polarization vector remains closer to the S 1 − S 2 plane. In the 1.5-fold configuration, this does not happen because the first region is smaller and the second region has a bigger effect on the final polarization, washing out the peaks. Ideally, the presence of features in the polarization spectrum such as the peaks shown for the 2-fold configuration could provide hints on the structure of the magnetic field in the disk.
All of the aforementioned results are independent of the black hole mass.
A Simulation for GRS 1915+105
To understand whether the upcoming polarimeters will be sensitive to the effects of QED, we simulated the observed polarization of the black-hole binary GRS 1915+105 with eXTP and IXPE. GRS 1915+105 is a bright microquasar that hosts a rapidly spinning black hole. Measurements of its spin, which rely on observations in both X-rays and optical, seem to indicate a spin parameter a 0.98 [26, 27] . We assume an inclination angle of 75 • [28, 29] , and we use the polarization spectra from Figure 7 of Schnittman and Krolik (2009) [30] . To calculate the effects of the vacuum birefringence, we assume that the bulk of the radiation comes from near the ISCO and has zero angular momentum. To simulate the response of the instruments, we employ the code XIMPOL [31] . Figure 3a shows the observed polarization degree for two spin parameters, a = 0.95 and a = 0.99, both with and without including QED. The blue dots show a simulated 100 ks observation with eXTP (which would correspond to approximately 300 ks with IXPE), assuming the emission model to be the one with a = 0.99 and with QED (blue line). We can immediately see that QED has an effect in the energy range of the upcoming polarimeters (2-8 keV). In addition, if QED were not included in the model, it would be easy to mistake a black hole actually spinning at a = 0.99 (blue line) with one spinning at a = 0.95 (green line). In the left panel of Figure 3 , all the models are calculated assuming the minimum magnetic field needed for accretion to occur in an α−model (Equation (3)).
In Figure 3b , we show the effect of a stronger magnetic field. The red and the blue line are the same as in Figure 3a : a = 0.99 and the minimum magnetic field, with and without QED, while the black line represents a model with the same parameters but a magnetic field 2.5 times stronger. The black dots show a simulated 1 Ms observation with eXTP (∼3 Ms with IXPE). We can see that the curves are very different, with the QED effect being much stronger for the stronger magnetic field, and that the peaks have shifted into the 2-8 keV range. Of course, the magnetic field structure that we use in this paper is just a toy model, but the peaks show that the QED effect can be sensitive to the magnetic field structure, and the upcoming polarimeters would be sensitive enough to detect them. We want to stress that these figures show preliminary calculations, and further work is required to model the expected polarization degree with IXPE and eXTP. Indeed, our model assumes the flux to be dominated by photons coming from close to the ISCO and with nearly zero angular momentum, which could be a good assumption for high-energy photons but the contribution of photons coming from more distant regions has to be properly included in the calculations for low-energy photons. Moreover, the structure of the magnetic field that we employ is just a simple toy model, and better calculations are needed to make a prediction on whether features like the peaks in the polarization degree would be detectable and at which energies they would be present.
Discussion
In Figure 2 , all photons were emitted with the same polarization. If the vacuum were not birefringent, their final polarization would still be the same, and the final linear polarization fraction would still average at one. We can therefore conclude that vacuum birefringence has a big impact on the polarization of X-ray photons, especially for fast-spinning black holes and for red-shifted (retrograde) photons. The reason the effect is stronger for higher spinning parameters is because the ISCO is closer to the event horizon and, therefore, the magnetic field is stronger, but also because photons perform more orbits around fast-spinning holes, staying longer in the strong magnetic field region. Retrograde photons are more affected for two reasons: they perform more orbits around the black hole with respect to zero angular momentum and prograde photons, and they receive a red-shift, which means that their energy at emission was higher.
The results shown in Figure 2 were obtained for the minimum magnetic field needed to generate enough shear stresses for accretion to occur in an α-model for the accretion disk. The actual magnetic field threading the accretion disk could be higher, leading to a stronger effect of the vacuum birefringence on the polarization. In general, a stronger (or weaker) magnetic field would shift the x−axis of Figure 2 to a lower (higher) energy range, and the shifting would scale with the square of the magnetic field, as shown in Figure 3 .
The simulations presented in Section 3.3 are not intended to be predictive as more detailed models are required for the structure of the magnetic field close to the disk plane and for the contribution to the total emission from photons emitted at different distances to the central engine. However, they show that vacuum birefringence has an effect on the observed polarization of fast-spinning black holes that can be detected in the energy range of the upcoming polarimeters IXPE and eXTP.
Our analysis is restricted to edge-on photons, traveling close to the disk plane, where we expect the magnetic field to be partially organized on small scales. Further studies are needed to calculate the effect of vacuum birefringence for photons coming out of the disk plane, where we expect the magnetic field to be organized on large scales. In this case, the effect of QED could be the opposite of what happens for edge-on photons: the organized magnetic field could align the polarization of photons traveling through the magnetosphere, resulting in a larger net observed polarization.
Materials and Methods
The Monte-Carlo simulations were performed by numerically integrating Equation (8) in Maple. A detailed derivation of the equations can be found in [11] . The simulations for eXTP in Section 3.3 were performed using the code XIMPOL [31] .
